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1. Introduction

Cluster expansions of any configurational property have become
common in the computational thermodynamics of alloys [1-24]. Most of
the applications have been restricted to binary alloys. On the other hand,
real alloys are invariably multicomponent alloys. The configurational
state of an alloy is expressed in terms of independent configurational
variables designated as correlation functions (CFs) corresponding to
each crystallographically distinct cluster of atomic sites in a crystal. Any
configurational property can then be expressed as a bilinear sum of the
products of CFs and corresponding coefficients called cluster expansion
coefficients (CECs) or effective cluster interactions (ECIs). The config-
uration space spanned by the CFs is usually specified in terms of a basis
that is not unique [1,25-30]. Sanchez et al. [1] used an orthogonal basis
based on Chebychev polynomials. A simple geometrical interpretation
for this basis is given by Cenedese and Gratias [31]. Modified Chebychev
polynomials were used by Sarma and Lele [27]. A variable basis was
used by Sanchez and Mohri [32] in which the point CF becomes equal to
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‘0’ for the chosen composition. This is a generalization of the Chebychev
polynomial basis. Taggart [25] suggested a spin variables-based basis set
consisting of the successive powers of the pseudo-spin configuration
variable {¢}. Later, Inden and Pitsch [26] developed another basis by a
method that is equivalent to that of Taggart. These bases have an
advantage over Chebychev polynomials in numerically intensive cal-
culations because these functions are always integers. Wolverton and de
Fontaine [33] have suggested the complex cubic roots of unity (expo-
nential functions) as well as pair probabilities (considering only pair
cluster interactions) as bases for ternary systems and have also
compared various basis functions. Fernandez-Caballero et al. [30] have
used trigonometric basis functions (instead of complex exponential
functions) similar to those used in the ATAT program [28]. The solvent
and sublattice-solvent bases have been used for find limiting values of
CFs for binary disordered and ordered phases, respectively, by Sarma
[34] and Gorrey et al. [35]. This choice of basis makes the correlation
functions identical to some of the cluster probabilities (those not
involving one chosen component which acts as the solvent) and is
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numerically advantageous in calculations involving dilute alloys. A
similar approach was proposed by Zhang and Sluiter [29]. None of these
basis functions is symmetric or anti-symmetric with respect to the
components.

Extension of the generalized Ising model for binary alloys to multi-
component alloys changes the dimensionality of the configuration space
and, thus, of the basis. This, in turn, leads to changes in the CFs and CECs
for the same subclusters in going from a (xk-1)-component system to a
x-component one. Sarma and Lele [27] discussed these issues and
showed a scheme for transforming the CEC of a lower order system to a
higher order system, which was necessary due to the basis change.
Zhang and Sluiter [29] have argued that the CECs of a lower order
subsystem in the solvent basis can be incorporated into the CECs of a
higher order system without any transformation. This statement holds
only so long as the higher order system contains the component treated
as solvent for the subsystem but is not valid in general irrespective of the
choice of basis set functions available in literature.

The object of this communication is to present a formalism for
choosing CFs for disordered phases from among the cluster variables
which ensures that CECs of subsystems can be directly inherited in the
cluster expansion of a higher-order system. The choice is guided by the
requirement that the CFs reduce, in the point approximation, to the
Redlich-Kister polynomials [36] for binary alloys and to those used in
CALPHAD formulations for multicomponent systems [37]. The fact that
the set of CECs of all subsystems can be used in the cluster expansion of a
higher-order system is of great advantage in the development of a
self-consistent database of multicomponent CECs required for Compu-
tational Thermodynamics.

This paper is organized as follows. Details of the derivation of
multicomponent cluster expansion based on cluster variables for the
disordered bcc structure are given in section 2. Correlation functions and
cluster variables for disordered fcc and hep structures are given in Ap-
pendix 1 and 2, respectively. The thermodynamics of bcc phase in the
Nb-Ti-V-Zr systems has been studied with a view to provide deeper
understanding of the effects of entropy and enthalpy in the stabilization
of this phase utilizing the new CE formulation. Section 3 provides details
of the procedure for obtaining an optimized set of CECs for the bec phase
of the Nb-Ti-V-Zr system. Various thermodynamic calculations based on
multicomponent cluster expansion of the Nb-Ti-V-Zr system are pre-
sented in Section 4. Short range order parameter calculations for the bcc
phase at different compositions and temperatures are also presented in
this section.

We note that the present formulation pertains only to the configu-
rational contribution to alloy thermodynamics based on a rigid lattice.
Generally, there are changes in the volume on alloying, which also lead
to changes in the thermodynamic quantities [24]. Further, vibrational
contributions also need to be considered for a more accurate description
of alloy thermodynamics [38,39].

2. Multicomponent cluster expansion based on cluster variables

We will try to write a cluster expansion of the energy using a selected
set of Cluster Variables (CVs) instead of the conventional Correlation
Functions (CFs). The selection is based on the following criteria:

(i) The CVs or a simple combination of CVs selected to replace the
conventional CFs should be capable of being used in higher-order
systems without transformation, that is, they should be directly
inherited.

(i) The cluster configuration for a v-point CV or combination of
v-point CVs representing a CF in a particular k-component system
should include all the components of the system if v > x and at
least v components if v < k.

For v > k, including all x components ensures that the CF is sym-
metric and representative of the entire k-component system. This pre-
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vents asymmetry in the CFs and the cluster expansion coefficients
(CECs). For example, in a tetrahedron CV (v = 4) for a binary system
(x = 2), inclusion of only one component would introduce an asym-
metry in the CVs, which would cascade into the CECs. This would affect
the inheritance of lower-order CFs and CECs into those of higher-order
systems and pose challenges when creating multicomponent databases.

For v < «, the condition ensures that the CF remains relevant to the
v-component subsystem. For instance, in the case of a pair CV (v = 2) in
a quaternary system (x = 4), including at least two components allows
the generation of all six possible types of pair CVs. Omitting this
requirement, such as including only one component, would result in
only four types of pair CVs, making it difficult to construct an inde-
pendent and complete set of CVs.

(iii) It should be symmetric or anti-symmetric in the components
present in the cluster configuration as far as possible. For v > k, it
should also be unique to that system and should not represent a
CF in any other system of the same order. For v < «, the CV or
combination of CVs representing a CF is the same as for the
corresponding v -component system.

The requirement for correlation functions to be symmetric or anti-
symmetric in the components of the cluster configuration stems from the
need to maintain consistency and completeness in the representation of
the system’s interactions. Symmetry is preferred wherever possible
because it ensures that the correlation function treats all components in
the cluster equivalently, avoiding preference for any specific compo-
nent. However, for clusters with an odd number of points, it is mathe-
matically impossible to achieve symmetry in the components. In such
cases, the correlation functions are chosen to be antisymmetric to
maintain internal consistency and adhere to well-defined conventions.
The ambiguity regarding the sign in antisymmetric correlation functions
is resolved by following a consistent convention. Specifically, the sign is
determined based on the alphabetical ordering of the component names.
This convention ensures reproducibility and eliminates subjectivity in
determining the sign, making antisymmetric correlation functions just
as valid as symmetric ones in representing the system.

We shall now explain the general formalism used to specify the
configuration of an alloy and then illustrate this approach for the
disordered bcc (A2), fcc (A1), and hcp (A3) phases.

2.1. Configurational variables

Consider a disordered crystalline system with N crystallographically
equivalent atomic sites. The configuration of the x-component alloy can
be specified completely in terms of the type of atom (A, B ..., Z) occu-
pying each site. Towards this end, site occupation operators are defined
as binary variables [40] through.

p? =1, if atom of type P occupies site i, P € {A, B, ...Z} which is an
alphabetically ordered set of the names of the components and Z is the
«" component.

=0 otherwise

In case vacancies are to be considered, they can be treated as one of
the components. We shall, therefore, not specifically mention vacancies
separately. Since each site is occupied by only one atom

SUpP=1 foralli ¢))

Thus, the configuration of the system can be completely prescribed
by specifying any set of (x — 1) site occupation operators for each of the N
sites of the crystal. Alternately, an arbitrary set of (x — 1) independent
functions of the  site occupation operators, called site operators, can be
chosen to represent the configuration. The same set of site occupation
operators or site operators need to be used for all crystallographically
equivalent sites in a crystal [35].

R

A pair occupation operator pﬁ; for an arbitrary pair cluster consisting
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of sites, i and j can be defined as a binary variable that takes the value 1 if
an atom of type P occupies site i and simultaneously an atom of type R
occupies site j, otherwise, it takes the value 0. From the binary nature of
these operators, it follows readily that

pR=plept P,R=AB..Zforallij )
and therefore
D= plep!=ple) o =Pl

The above relations are known as normalization and geometric
reduction constraints, respectively. Relations of the type of Eqns. (2) and
(3) among the pair occupation operators imply that all of them are not
independent.

The definition of pair occupation operators can be generalized to
multi-site occupation operators. Thus, the configuration of a triangle
cluster consisting of the sites i, j, and k occupied by atoms of the type P,
Q, and R, respectively, can be specified by the triangle occupation

3

operator pg.,?R, which is given by

Py =pi *pf e pf @

The triangle occupation operators also satisfy normalization and
reduction constraints similar to those in Eqns. (2) and (3). Cluster
occupation operators for tetrahedron and larger clusters of sites can be
defined similarly.

To represent the configurational dependence of macroscopic prop-
erties such as energy, it is not necessary to specify the occupation of each
cluster in the crystal. It is sufficient to specify the probabilities of
occurrence of different clusters up to a chosen maximal cluster
depending on the range of interactions occurring in the system. Cluster
probabilities can be obtained by averaging the corresponding cluster
occupation operators over all crystallographically equivalent clusters in
the crystal. It follows that the averages of site occupation operators over
all sites of the disordered crystal are equal to the respective mole frac-
tions (also called point cluster variables).

xp=(p¥) P=AB..Z 5)

which satisfy the following conditions
4

0<xp<1,) xp=1 Q)
P=A

Although only (x — 1) of the x mole fractions are independent, we
shall retain all of them in the description of the configuration of the alloy
to obtain expressions that are symmetric in the components. This also
necessitates the use of the constraint in Eqn. (6) when required. Simi-
larly, the averages of pair occupation operators over all the crystallo-
graphically equivalent pairs of sites in the structure give the
corresponding pair cluster probabilities or cluster variables p*. Thus

pPR=(pR) = (pf ep¥) P.R=A,B..Z @)
The cluster probabilities must also satisfy the following conditions

0< PR <1,) > it =1 ®)
P R

Further, they are related to the mole fractions through the reduction
relations (also called sum rules) which follow from Eqn. (3)

D pft=xe ©
R

The total number of pair cluster variables is x? for any chosen crys-
tallographically distinct pair cluster. Owing to the crystallographic
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equivalence of all sites in disordered crystals, it follows from Eqn. (6)
that

pgR:pl?P,P#R (10)

This reduces the number of distinct pair cluster variables to x (x + 1)/
2. In a similar manner, the number of distinct cluster variables could be
reduced further in high-symmetry crystals such as bcc or fec crystals.
Only « (x — 1)/2 of the distinct pair cluster variables are independent
since only (x — 1) site operators for each of the two sites are independent.
The remaining « cluster variables are dependent and can be expressed in
terms of the set of independent pair and point cluster variables.

Cluster variables corresponding to crystallographically distinct
clusters with an arbitrary number of sites, v, can be defined in a similar
manner. Normalization and geometric reduction rules, similar to those
given by Eqns. (8) and (9) also apply to such cluster variables. The total
number of v-point CVs is *. However, only (x — 1)” of these are inde-
pendent. The remaining « — (x — 1) CVs are dependent and can be
expressed in terms of the set of independent v-point CVs and those
corresponding to the subclusters of the v-point CV. Thus, a set of
appropriately chosen (x — 1)* CVs constitutes a complete set of inde-
pendent basis functions for the description of the alloy configuration,
unlike the full set of ¥” CVs. Note that the total number of distinct cluster
variables as well as the number of distinct independent and dependent
cluster variables, can be lower owing to symmetry. Such a distinct, in-
dependent, and complete set of CVs is a suitable basis for expanding the
configurational properties of an alloy [41]. We shall designate the CVs of
such a set or, in some cases, their simple linear combinations as corre-
lation functions. This definition of correlation functions, like any
currently used definition, is also not unique. The selection of CVs
constituting the distinct, independent, and complete set of CVs to be
designated as CFs is based on the criteria mentioned earlier.

2.2. Correlation functions for bcc phase

We shall now illustrate this approach for the disordered bcc phase
(A2). Generally the smallest tetrahedron cluster in a structure will be
treated as the basic cluster. For the bcc structure, this is the irregular
tetrahedron cluster shown in Fig. 1. Clusters and sub—clusters used in
tetrahedron approximation for bcc structure: point (1), [-n pair (12),
II—-n pair (13), triangle (123), and tetrahedron (1234).

It is not possible to choose a set of (x - 1) independent point cluster
variables as CFs while maintaining symmetry among the components.
Further, point cluster interactions do not appear in the equilibrium
equations, obviating the necessity of defining corresponding CFs. In
view of these circumstances, we refrain from defining point cluster CFs
and retain the entire set of point cluster variables in the description.
Next, consider the pair cluster variables for one pair type (e.g., nearest
neighbor pair). As mentioned earlier, the number of distinct and inde-

Fig. 1. Clusters and sub-clusters used in tetrahedron approximation for bcc
structure: point (1), I-n pair (1-2), II-n pair (1-3), triangle (1-2-3), and
tetrahedron (1-2—-3—4).
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pendent pair CVs is x(x — 1)/2, while that of the distinct and dependent
pair CVs is «. In the case of disordered alloys, there are k distinct pair
cluster variables of the type pP ? and x(x — 1)/2 distinct pair cluster
i R P # R. Thus, CVs of the type /) R P # R corre-
spond to the desired number of independent and distinct CVs for a
description of the configurational state of a binary alloy or a binary
subsystem of a multicomponent system and satisfy the conditions
mentioned above for selection as CFs. Accordingly, we will define the I-
neighbor (v2PR1) and II-neighbor (v2PR2) pair CFs as follows.

variables of the type

V2PR1=p% =pf p <R @an
V2PR2=p% = pf* P <R 12)

It remains only to show that CVs of the type p;” for I-n or Il-n pair

clusters can be expressed in terms of the chosen CFs. The sum in Eqn. (9)
for kth neighbor pair clusters can be expressed as follows.

1 PX
DN AR A (SRS Sl

Note that the dummy index X can be greater, equal, or lesser than P.
Changing the dummy index in the two summations to conform to our
notation convention, we have

1 NP (
ZN 1le +le )+ ZQ p+1pl} =Xp

On rearranging and using the definition of the pair CFs given above,
we get

z
Xp= X:Ap ij

PP (k) =xp — ZN | V2NPk — ZQ i V2PQk k=1,2 13)

It may be seen that all the CVs have been expressed in terms of
chosen point and pair CFs (Eqns. (11)-(13)).

The type (and number) of distinct triangle cluster configurations
(sites 123 in Fig. 1) are PPP (x), PPR or PRR (x(x — 1)), PRP or RPR (x(x —
1)) and RPT or PRT or PTR (x(x — 1)(x — 2)/2) giving a total ofxz(x +1)/2
cluster configurations and thus CVs. It follows that the number of
distinct and independent triangle CVs is x(x — 1)2/2. A subset of CVs
numbering x(x — 1)%/2 must be chosen as CFs. It also follows that the
number of distinct dependent triangle CVs is x(3x — 1)/2. Clearly, CVs of
the type pRT can occur only in ternary and higher-order systems. For

PRR

1 .
prs =5 [V2PR24V3 PR+ S

— Vv3NPR1 +v3NPR2 — v3NPR3) + Z

QPl

P-1
Pl =5 |2V2PR1-v2PR2-V3PR+_  (

— v3PRS1 —v3PRS2 + v3PRSS)]

P-1
Pis =7 |2v2PR1-v2PR2+V3 PR+Y

— V3PRS1 — v3PRS2 + VSPRSS)]

(v3PQR1 —v3PQR2 — v3PQR3) + Z

(v3NPR1 — v3NPR2 — v3NPR3) + 3

(V3NPR1 — v3NPR2 — V3NPR3) + 3 (
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each binary system and binary subsystem of a multicomponent system,
we must choose 1 triangle CV (or combination of CVs) in which both
components are present to be part of the independent set of CVs and thus
designated as CFs for each such system. There are 4 such distinct CVs,

namely pER  pPRR. /)123 PR P < R. None of them is symmetric in the two

components. However, two distinct anti-symmetric combinations are

possible: pRPR — 2" and pPRR — yPPR Since only one such combination is

required, an arbitrary choice must be made between the two possibil-
ities. We shall choose the former here and call it v3PR.

V3 PR=p8 — pits a4

The number of such CFs is k(k — 1)/2 since the number of CVs of the
type PRP or RPR is k(k — 1). For ternary systems and ternary subsystems
of multicomponent systems, we must choose another set of x(x — 1%/2 -
k(k—1)/2 = k(k - 1) (x - 2)/2 distinct and independent CVs as CFs. Thus,
for each ternary system and ternary subsystem of a multicomponent
system, we must choose 3 additional triangle CVs (or combination of
CVs) in which all three components are present to be part of the inde-
pendent set of CVs and thus designated as CFs for each such system.
There are just 3 such distinct CVs that can therefore be used to define the
following triangle CFs.

V3PRT1 = pf7 v3PRT2 = pP5} v3PRT3 = pio8 15)

All the dependent triangle CVs can be expressed in terms of these CFs
using appropriate sum rules for the triangle CVs. The solutions are given
below.

1 P-1
Pizs =5 [V2PR2-V3 PR+Y . (

— VBNPR1 —v3NPR2 +V3NPR3) + >
~ V3PQR1 —v3PQR2 +v3PQR3) + > . . (

— Vv3PRS1 +Vv3PRS2 — v3PR53)) } (16)

(v3PRS1 — v3PRS2 — v3PRS3) a7)

SRl

~ v3PQR1 +v3PQR2 — v3PQR3) + 3 %

QP] SR+1

(18)

VA
— v3PQR1 +v3PQR2 — v3PQR3) + ZS:R+1(

19
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1—~P1
PPP _
P12z =Xp — 2ZM:A
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1z
(2v2MP1 +v2MP2 +v3MP) — EZR:PH (2v2PR1+Vv2PR2—-V3PR)

P-1 P-1 Z Z-1 VA
(ZM =A N= M+IVBMNP3 + ZN:AZS:P+1VSNP52 + ZS:P-l ZTS+1V3PST1> (20)

We shall not give a detailed explanation for the choice of indepen-
dent tetrahedron CVs from amongst all the CVs but only outline the
results. For each binary system or binary subsystem of a higher-order
system, one tetrahedron CV, namely, p?ReR = pRFRP P £ R is chosen to

be the tetrahedron CF designated v4PQ.
v4 PR = pPRPR 1

Similarly, for each ternary system or ternary subsystem of a higher-
order system, three tetrahedron CVs, namely, piaos , prain, phost P # R #
T are chosen to be the tetrahedron CFs designated v4PRT1, v4PRT2, and
V4PRT3, respectively.

VAPRT1 = p™RT . y4PRT2 = pPRIR. y4PRT3 = pfIRT (22)

Finally, for each quaternary system or quaternary subsystem of a
higher-order system, three tetrahedron CVs, namely, p}RET pAPET pJMPIR
M+#P#R#T are chosen to be the tetrahedron CFs designated
v4MRPT1, v4AMRPT2, and v4MRPT3, respectively.

VAMPRT1 = p¥RPT. yAMPRT2 = pMPRT. yAMPRT3 = pMFTR (23)

As in the case of triangle CFs, it can be easily shown that all
dependent tetrahedron CVs can be expressed in terms of these CFs using
appropriate tetrahedron CV sum rules. The solutions are given below.

1 1
PPPR
—[(2v2PR1—-v2PR2—-Vv3PR—2v4PR)+ § n

p-1
PPPP

4 >

Pr23a =XP = D 4

VA
- .1 (2v2PR1—v3 PR —v4 PR)

(2v2MP1 + v3MP — v4MP)

+2) S (VBMNP3 4 VAMNP3)
+2) > (V3NPS2 -+ vANPS2)
+2) 01D g5y (V3PSTLVAPSTL) (29)

There are no other types of CFs for any quinary or higher-order
system since the basic cluster has been chosen to be the smallest tetra-
hedron which has only four sites. Table 1 summarises these results.

Correlation functions and cluster variable expressions for disordered
fce and hep structures are given in Appendix 1 and 2, respectively.

2.3. Configurational enthalpy

Any function of configuration, such as the configurational enthalpy
H,,. for a phase, can be expressed as a bilinear sum of the products of the
correlation function (v1PQ ... v13PQRS), and the respective cluster
expansion coefficient (CEC, e, including the effect of multiplicity) [1,
42]. Thus

Pl =5 (v3MPR1 —v3MPR2 —v3MPR3 — 2v4MPR2) +ZQ oo (
—v3PQR1 +Vv3PQR2 —v3PQR3 — 2v4PQR1) +ET w1 (—V3PRT1 —v3PRT2+Vv3PRT3 - 2v4PRT1) (24)
pa
pi8ss == |(2v2PR1—v2PR2+V3PR—2v4PR)+ Y | (v3MPR1 —v3MPR2 — v3MPR3 — 2v4MPR3) + Z api
— v3PQR1 +v3PQR2 — v3PQR3 — 2v4PQR3) + ZT .2 — V3PRT1 —V3PRT2 + v3PRT3 — 2v4PRT2) (25)
1 :
Piosi =5 {( — V3PRT1 +v3PRT2 + v3PRT3) + (vAPRT1 — vAPRT2 — vAPRT3) + ZPM; (v4MPRT1 — v4MPRT2 — v4MPRT3)
+3 ., (VAPQRTL — VAPQRT2 — v4PQRT3) + Y | (— v4PRST1 +v4PRST2 — v4PRST3) (26)
VA
+3 " _p.,( — VAPRTUL — vAPRTU2 + v4PRTU3)
P-1 R-1
P35 =7 | (VBPRT1 —V3PRT2 +V3PRT3) + ( — v4PRT1 + v4PRT2 — v4PRT3) + D i~ VAMPRT1 + v4MPRT2 —v4AMPRT3) + >~ (
— VAPQRT1 — v4PQRT2 + v4PQRT3) + ZS 1 ( — VAPRST1 —V4PRST2 +V4PRST3) + ZU 111 (VAPRTU1 —V4PRTU2 — v4PRTU3)] 27)
P-1
Py = > (v3PRT1 +v3PRT2 — v3PRT3) + ( — v4PRT1 — v4PRT2 + v4PRT3) + ZM: — V4MPRT1 — v4AMPRT2 + v4MPRT3) + Z o m(
— vAPQRT1 + v4PQRT2 — v4PQRT3) + ZS 1 (VAPRST1 — v4PRST2 — v4PRST3) + ZU 1., (VAPRTU1 —v4PRTU2 — v4PRTU3) (28)
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Table 1
CFs for CE using tetrahedron approximation for bec structure. Note that M < P <
R<T.

System Binary Ternary Quaternary

Cluster Type CF No.of CF No.of CF No. of

CF CF CF

Tetrahedron v4 PR 1 VAPR, ... 3 VAPR, ... 6

(1234) V4PRT1 1 V4PRT1, 4

V4PRT2 1 VAPRT2, 4

V4PRT3 1 V4PRT3, 4

v4MPRT1 1

V4MPRT2 1

V4AMPRT3 1

Triangle (123) v3 PR 1 V3 PR, ... 3 V3 PR, ... 6

v3PRT1 1 v3PRT1, 4

Vv3PRT2 1 V3PRT2, 4

Vv3PRT3 1 v3PRT3, 4

1I-n Pair (13) V2PR2 1 Vv2PR2, 3 V2 PR 2, 6

I-n Pair (12) v2PR1 1 v2PR1, 3 v2PR 1, 6

Point (1) xP 1 xP, ... 2 xP, ... 3

Total no. of CFs 5 20 54

Y Z
Hpe=Y_ (e21PQ o v21PQ + €22PQ o v22PQ + €3PQ
P=A Q=P+1

X Y Z
*V3PQ+e4PQev4PQ) + Y > ) (e3PQRI
P=A Q=P+1 R=Q+1
 V3PQR1 + e3PQR2 ¢ v3PQR2 + ¢3PQR3 o V3PQR3 -+ e4PQR1
w X Y
o VAPQRI + e4PQR2 » v4APQR2 + e4PQR3 ¢ VAPQR3) + >
P=A Q=P+1 R=Q+1

z
X Z (e4PQRS1 e v4PQRS1 + e4PQRS2 o v4PQRS2 + e4PQRS3

S=R+1
o v4PQRS3)
(30)

where, P,Q,R,S € {A,B,C,D,...W,X,Y,Z}.

The first summation pertains to a binary system or all binary sub-
systems of a higher-order system. The second summation pertains to a
ternary system or all ternary subsystems of a higher-order system.
Finally, the last summation pertains to a quaternary system or all qua-
ternary subsystems of a higher-order system. Since these summations
contain terms for binary, ternary, or quaternary systems, respectively,
independent of whether they are subsystems of a higher-order system, it
follows that all the CECs remain unchanged or can be inherited from any
lower-order system to a higher-order system. No other configurational
description available in the literature has this feature.

Further, the cluster expansion for quinary and higher-order systems
does not involve any additional CECs besides those of all its quaternary
subsystems. This has two significant implications: (i) there is no expo-
nential increase in the number of CFs and CECs for multi-component
alloys, which is contrary to general belief, and (ii) databases such as
those for standard CALPHAD methods can be constructed for CE-CVM.
These conclusions implicitly assume that the same maximal cluster is
used for all systems and subsystems in the CE. The choice of the maximal
cluster to be used in general can be inferred indirectly from the large
amount of literature available on an optimal number of terms in Redlich-
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Table 2
Optimized set of CECs for the Nb-Ti system.
Phase Parameters (J/mol)
bec phase E21NbTi = —390 (I-neighbor pair)

E22NbTi = —260 (II-neighbor pair)
E3PQ = 0 (triangle)

hep E21NbTi = —281 (I-neighbor pair)
E22NbTi = —281 (Il-neighbor pair)
Liquid L = 3466

Kister type expansions used in CALPHAD. Zhang and Sluiter [29] have
discussed the issue of the choice of an optimal maximal cluster (or set of
clusters) for fcc alloys in detail. They have used two criteria for this
choice: (i) clusters consisting only of 4 sites and their subclusters are
considered, and (ii) clusters with only up to 8th nearest-neighbor pairs
are considered. They have justified these criteria based on results of
fitting of phase diagrams available in the literature using a CALPHAD
type approach. These results have shown that fourth-order polynomials
in the composition are able to represent the enthalpy of mixing with
sufficient accuracy. Therefore, multiatom interactions in clusters with
up to only 4 sites should be sufficient to represent the enthalpy in a
cluster expansion. Further, Zhang and Sluiter [29] have argued that all
observed fcc based superstructures, with the exception of long-period
superstructures, can be stabilized by pair-wise interactions up to the
8th nearest neighbors. The DOy structure observed in AlsZr requires the
latter interactions for stabilization. However, the D03 structure can be
more appropriately considered to be part of the family of long period
superstructures such as DOys (prototype Al3Ti) which require to be
treated by a completely different approach. Similarly, the treatment of
coherent precipitates such as GP zones needs separate consideration.
Leaving such cases aside, interactions up to 2nd neighbor pairs should
suffice. There is only one such maximal cluster, namely, the irregular
tetrahedron shown in Fig. 1, for the bcc structure.

2.4. Cluster variation method

The expression for the configurational entropy of mixing per mole is
given by (Kikuchi, 1951)

Sne=—RY_my;> p;(e)In p;(0;) GD
j=1 %

where p; (07) represents a cluster variable for j cluster corresponding to
the configuration denoted by o;. In the above expression, the cluster
variables p; (67) can be expressed as functions of correlation functions v,
i.e., pj(0j) = pj(j) (V) as shown above. The m; represent the multiplicity
of clusters of type j and are equal to the number of such clusters per site
in the structure. Here the y; represent the overlap correction coefficients
and are referred to as Kikuchi—Barker (K-B) coefficients. By definition,
v« = 1. Values of the K-B coefficients are given, for example, by Sarma
et al. [34]. It may be noted that the above expression corresponds to the
total configurational entropy of mixing and not just the excess entropy of
mixing.

The configurational contribution to the Gibbs energy of mixing is
thus given by

Gume =Hpme + RT Z myy; ij (07)In p; (05) (k) (32)
= %

Gibbs energy needs to be minimized, after substituting CVs in terms
of CFs, with respect to correlation functions, to obtain an equilibrium
configuration.

After substituting for the multiplicity, the configurational Gibbs en-
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Fig. 2. Calculated liquidus and solidus boundaries of the Nb-Ti system along
with experimental data.
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Fig. 3. Calculated solvus boundaries of the Nb-Ti System along with experi-
mental data.

ergy of mixing for a bcc phase in a quaternary system is given by

Gne=e2PR1eVv2PR1+e2PR2eVv2PR2-+e3PRev3PR

+e4 PR ev4 PR+ RT(6.(phos In piars + 4pions In pPoes

1234 1234 1234
PRRR PRRR PRPR PRPR PPRR PPRR
+4p134 10 prazs + 207534 10 prazy +4p15gs I plog,
RRRR PPP PPP | PRP PRP PPR PPR
+ Prosa I Prozy ) - 12'(/’123 In pios + pios 10 plos + 2p103 In prog

+ 2075 In 5 5 I 28 I ) + 3. 07 In

+2p15 In pig +pi3 In pig) +4. (015 In p5 + 25 In pi
+ i In pi5) — 1.(xP In xP + xR In xR))
(33)

2.5. Thermodynamic assessments and calculations

For the thermodynamic assessment of the binary systems, we

Table 3
Optimized set of CECs for the Nb-V system.
Phase Parameters (J/mol)
bece phase E21NbV = —880 (I-neighbor pair)

E22NbV = —586.67 (II-neighbor pair)
E3NbTi = 0 (triangle)
Liquid Ly = — 11400+ 10*T
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Table 4
Invariant points in the Nb-V phase diagram.
Invariants T(K) Xy
Congruent Minimum 2132.7 0.797
Consolute Point 1076.5 0.5
3000
2800 liquid o Rudy (SOliduS)
£ 2600
2
2
£ 2400 -
2
g
& 2200
2000 bee
1800 T T T
0 0.2 04 0.6 0.8 1
Nb Xy A%

Fig. 4. Calculated liquidus and solidus boundaries of the Nb-V system along

with experimental data [47].
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Fig. 5. Calculated miscibility gap in the bcc phase (solid line) of the Nb-V
system along with experimental data [47].

Table 5

Optimized set of CECs for the Nb-Zr system.

Phase Parameters (J/mol)

bece phase E21NbZr = —462.6 — 0.4152*T (I-neighbor pair)
E22NbZr = —308.4 — 0.2768*T (II-neighbor pair)
E3NbZr = 88.0 (Triangle)

hep E21NbZr = —841.4 (I-neighbor pair)
E22NbZr = —841.4 (1I-neighbor pair)

Liquid L) =-41300.0 + 28*T

L} =-23150.0 + 10*T
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Table 6
Invariant points in the Nb-Zr phase diagram.

Invariants T(K) Xzr

Congruent Minimum 2023 0.742

Consolute Point 1245 0.412

Monotectoid 895 0.074 (BNb)
0.797 (BZr)
0.986 (aZr)

A Rogers(1955)
2800 liquid O Lundin (1960)
2750 ¢ Lundin(1960)

Temperature (K)

2200

2000

1800
0 0.2 0.4 0.6 0.8 1

Nb Xzr Zr

Fig. 6. Calculated liquidus and solidus boundaries in the Nb-Zr system along
with experimental data [46].
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Fig. 7. Calculated miscibility gap and monotectiod reaction in the solid phase
(solid line) along with experimental data [46].

Table 7
Optimized set of CECs for the Ti-V system.
Phase Parameters (J/mol)
bec phase E21TiV = —510 (I-neighbor pair)

E22TiV = —340 (II-neighbor pair)
E3TiV = 0 (triangle)

hep E21TiV = —770 (I-neighbor pair)
E22TiV = —770 (II-neighbor pair)
Liquid L} = 5900

L} =1510
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employed the Levenberg-Marquardt (LM) algorithm to optimize model
parameters in the outermost loop. The Newton-Raphson method was
used in two internal loops: (i) for calculating phase boundaries and (ii)
for the internal minimization of the CE-CVM expressions. Further details
on these calculations can be found in our previous publications [43]. We
have adapted Hillert’s [44,45] algorithm for both phase boundary cal-
culations and the internal minimization of CE-CVM expressions for
thermodynamic calculations related to higher-order systems. We will be
publishing the details of these algorithms in a separate publication.

3. Nb-Ti-V-Zr system

A scheme to obtain an optimized set of CECs for a quaternary system
will be demonstrated in this section. We will use optimized model pa-
rameters where such parameters are already available in the literature.
If required, optimization of the binary and ternary sub-systems will be
undertaken. Since our focus here is on demonstrating the development
of multi-component cluster expansion for the disordered bcc phase,
details of the thermodynamics of other phases (such as liquid and hcp)
will be limited. Most of the available parameters are in the form of
Redlich-Kister parameters. A method to transform them to yield initial
estimates of CECs is presented in Appendix 3. The optimized model
parameters for many binary subsystems have been previously reported
in our earlier works [46-48]. These parameters (CECs) were originally
presented using a conventional orthogonal basis. In Section 3.1, we
provide these values with additional fine-tuning, where necessary. The
corresponding CECs in the CVCF basis, developed in this work, were
obtained by transforming the orthogonal basis CECs using the procedure
detailed in Appendix 4.

3.1. Binary subsystems

3.1.1. Nb-Ti system

The equilibrium diagram of the system has been studied by Kaufman
and Bernstein [49], Murray et al. [50,51], Kumar et al. [52], and Zhang
et al. [53]. Assessed values of CECs for this system were obtained by
Refs. [48,54]. The system was re-optimized in this work to reproduce
experimental data better (see Table 2 and Figs. 2 and 3). All experi-
mental data, cited in Ref. [53], are used for this optimization except the
first principles thermochemical data.

3.1.2. Nb-V system

Many researchers have computed the Nb-V phase diagram based on
available experimental data. Molokanov et al. [55], Balakrishna and
Mallik [56], and Smith et al. [57] calculated the Nb-V phase diagram
and obtained similar results as shown by Rudy [58]. Further, Kumar
et al. [52] studied the Nb-Ti-V phase diagram and re-optimized the Nb-V
system. Recently, Gao et al. [59] have reassessed this phase diagram
based on their new experimental results. Different orders of
Redlich-Kister polynomials [36] were used in these works to model the
phases present. Shanker et al. [47] have optimized this system using
CE-CVM for the bce phase. We will use the CEC values for the bce phase
obtained in this study further in this work (see Tables 3 and 4 and Figs. 4
and 5).

3.1.3. Nb-Zr system

Thermodynamic assessment of the Nb-Zr system has been done by
Abriata et al. [60], Guillermet et al. [61], Lafaye et al. [62].
CE-CVM-based description of the bcc phases has become available
recently [46]. We will use the CEC values for the bce phase obtained in

Table 8

Invariant point in the Ti-V phase diagram.
Invariant(s) T(K) Xy
Congruent Minimum 1881 0.333
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Fig. 8. Calculated liquidus and solidus boundaries of the Ti-V system along
with experimental data.
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Fig. 9. Calculated solvus boundaries of the Ti-V System along with experi-
mental data.

5000
—--Calculated (1073 K)
o Skripnyak(2020)
=4000 -
=
£
=
23000
:E e = N.\'\_
E /'/ \'\.
5] 7z Ny
2000 - P N
E‘ Va N,
: J %
=
<1000 { # A%
/ .
7 \.\
0 T r r :
0.00 0.20 0.40 0.60 0.80 1.00
Ti Xy \Y%

Fig. 10. Calculated enthalpy of mixing for the bce phase at 1073K (chain line)
of the Ti-V system along with experimental data of Skripnyak et al. [66].
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Table 9
Optimized set of CECs for the Ti-Zr system.
Phase Parameters (J/mol)
bee E21TiZr = 579 (I-neighbor pair)

E22TiZr = 386 (II-neighbor pair)
E3TiZr = 0 (triangle)

hep E21TiZr = 216 + 0.202*T (I-neighbor pair)
E22TiZr = 216 + 0.202*T (II-neighbor pair)
Liquid L) = 21219
Table 10
Invariant points in the Ti-Zr system.
Invariants T(K) Xzr
Congruent (liquid < bcc) 1811.7 0.352
Congruent (bcce hep) 875.4 0.503
2500 :
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Fig. 11. Calculated liquidus and solidus boundaries of the Ti-Zr system along
with experimental data.
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Fig. 12. Calculated solvus boundaries of the Ti-Zr system along with experi-
mental data.
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Fig. 13. Calculated enthalpy of mixing for the liquid phase at 2300 K (solid
line) of the Ti-Zr system along with experimental data of Thiedemann et al. [71]
at various temperatures.

Table 11
Optimized set of CECs for the V-Zr system.

Phase Parameters (J/mol)
bec E21VZr = —1120 — 0.159T (I-neighbor pair)
E22VZr = —746.7 — 0.106T (II-neighbor pair)
E3VZr = 120 (triangle)
Table 12

Invariant points in the V-Zr system.

Invariants Experimental data This work (Calculated)
T(K) Xzr T(K) Xzr
Peritectic 1585" - 1587 0.075 (bce)
1573° - 0.334 (Laves_C15)
0.42 (liquid)” 0.412 (liquid)
Eutectic 1537 - 1538.7 0.355(Laves_C15)
1503" 0.54 (liquid)” 0.539 (liquid)
- 0.824 (bce)
Eutectoid 1070" - 1072 0.35 (Laves_C15)
1050° - 0.953(bcc)
- 0.988(hcp)
2 [76].
> [771.

this study further in this work (see Tables 5 and 6 and Figs. 6 and 7).

3.1.4. Ti-V system

The binary Ti-V system is a simple system with no intermediate
phase. The Ti-V system was optimized by Murray [63], Saunders [64],
and Ghosh [65]. Shanker et al. [48] have optimized this system using
CE-CVM for the bec phase. This system is re-optimized by considering a
simplified CE-CVM description to model the bcc phase using experi-
mental and theoretical data considered in Ref. [48] (see Tables 7 and 8
and Figs. 8-10).

3.1.5. Ti-Zr system

The phase diagram of Ti-Zr consists of three phases liquid, hep(a),
and bee(p) and shows complete solubility in all three phases. Thermo-
dynamic assessments of this system have been given by Murray [67],
Hari Kumar et al. [68], Turchanin et al. [69], and Cui [70]. The studies
of Murray [67] and Hari Kumar et al. [68] did not consider the mixing
enthalpy of the liquid alloys [71] in the Ti-Zr system. Later, Sridar et al.
[72] revised their assessment by considering the enthalpy of mixing of
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Fig. 14. Calculated phase diagram of the V-Zr system along with experimental
data from [77].

Table 13
Optimized set of CECs for the Nb-Ti-V system.

Phase Parameters (J/mol)

bece phase e3NbTiV1l = e3NbTiV2 = e3NbTiV3 = — 20000.
e4NDTiV1 = 48800
e4NDbTiV2 = — 24400.

e4NDbTiV3 = — 24400

< Kornilov(1959): Single Phase
> Kornilov(1959): Two Phase
A Ermanis(1961)

X Moloknov(1977)
ORonami(1971)

O Hansen(1951)

bee + hep

0.4 0.6
Xy

Ti

Fig. 15. Calculated isothermal section of Nb-Ti-V system at 873 K showing
miscibility gap boundary.

the liquid phase. Shanker et al. [48] have optimized this system using
CE-CVM for the bce phase. This system is re-optimized here to improve
CECs for the bec phase (see Tables 9 and 10 and Figs. 11-13).

3.1.6. V-Zr system
This system exhibits an intermediate phase V,Zr (Laves_C15), which
melts incongruently by a peritectic reaction VoZr—Liquid + bee(V). The

Table 14
Optimized set of CECs for the Nb-Ti-Zr system.

Phase Parameters (J/mol)

bec phase e3NbTiZrl = e3NbTiZr2 = e3NbTiZr3 = — 3333.33.
e4NDbTiZrl =0
e4NbTiZr2 = 0.

e4NbTiZr3 =0
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Fig. 16. Calculated isothermal section of Nb-Ti-Zr system at 1173 K showing
miscibility gap boundary along with experimental data from Ref. [84].

V-Zr system was first modeled by Korb et al. [73]. Later, the V-Zr system
was optimized by Servant [74], Zhao et al. [75], and Cui et al. [70,76].
For the present work, we have accepted the latest parameters from Cui
et al. [70,76] for all the phases except bcc. The system was optimized
considering all the available experimental data and treating the bcc
phase within the CE-CVM framework (see Tables 11 and 12 and Fig. 14).

3.2. Ternary subsystems

3.2.1. Nb-Ti-V system

Kornilov and Vlasov studied this system at 873 and 973 K [78].
Komjathy [79] concluded that a continuous series of bcc solid solutions
is formed above 1073 K. This system has been reviewed by Enomoto
[80]. The thermodynamic descriptions of the bec Ti-Nb-V ternary system
have been reported by Kumar et al. [52], Lee et al. [81], Wei et al. [82]
and Hu et al. [83]. Kumar et al. [52] did not consider ternary interaction
parameters in their calculations. Wei et al. [82] have obtained ternary
interaction parameters considering the binary miscibility gap in the
Nb-V system [59] and experimental data [78]. We have accepted their
thermodynamic description of the Nb-Ti-V system in this work and
optimized the corresponding CEC parameters to reproduce the misci-
bility gap in the bcc phase, as reported by them [82]. Optimized

& -
(=}

1 % t &34— t t
0.4

A% LAVES C15  Xzr

Fig. 17. Calculated isothermal section of the Nb-V-Zr system at 1273 K. The
dashed lines (-) represent the phase boundaries assessed by Korniyenko [89].
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Table 15
Optimized set of CECs for the Nb-V-Zr system.

Phase Parameters (J/mol)

bce phase e3NbVZrl = e3NbVZr2 = e3NbVZr3 = 0.
e4NbVZrl =0
e4NbVZr2 = 0.
e4NbVZr3 =0

parameters for the R-K polynomial are given in (34), and corresponding
CECs in the CV basis are shown in Table 13. Fig. 15 presents an
isothermal section calculated using these parameters. It includes the
equilibrium regions for bce and hep phases at the Ti corner. Notably, the
calculations for hcp employed the CECs from its binary subsystems
without incorporating ternary interactions. The figure includes experi-
mental data from the ternary system reported by Kornilov and Vlasov
(1959) and experimental data from the Nb-Ti and Nb-V binary sub-
systems. Discrepancies are evident between the experimental data of
Kornilov and Vlasov [78] and the experimental data used for the binary
systems. We have placed greater reliance on the data of the binary
subsystems and as a result the calculated phase boundaries in Fig. 15
deviate slightly from the experimental data of the ternary system.

L1INDBTiV = —11200,
L2NbTiV = —84400,
L3NbTiV = —84400

(34)

3.2.2. Nb-Ti-Zr system

Isothermal sections of the Nb-Ti-Zr ternary system have been re-
ported by several authors over the entire composition range [84-86].
The liquidus surface and the solidus surface projections have also been
investigated over the whole composition range. These studies indicated
that the bee miscibility gap in the Nb-Zr binary system extended into the
ternary system and that no ternary compound formed. Equilibrium
phase relationships in the Nb-Ti-Zr system were computed by Kumar
et al. [68] using the Calphad approach. This work was based on ther-
modynamic descriptions of the binary subsystems, and ternary in-
teractions were not considered. Later, Tokunaga et al. [86] used the
same description in their Nb-Ni-Ti-Zr database. Marker et al. [87] also
concluded that the interpolation of the isothermal section could repro-
duce the experimental phase equilibria.

Doi et al. [84] reported miscibility gap data. We have used their
miscibility gap data to optimize corresponding CEC parameters. For the
Nb-Zr system, miscibility gap data reported by Flewitt [88] is generally
accepted and used in many assessments [61]. At 1173 K, Flewitt re-
ported compositions of Nb-rich and Zr-rich phases as 0.24 and 0.57 at.%
Zr respectively. The present binary assessment of the Nb-Zr system is
also based on this data, and calculated values are 0.227 and 0.60 at % Zr.
Corresponding values estimated by Doi et al. [84] are 0.22 and 0.57.
Hence, the compositions of the binary Nb-rich and Zr-rich phases agree
within experimental error. Since ternary interactions are likely to be
weaker for this system, we have introduced minimum number of such
parameters with relatively small values. Optimized parameters for the
R-K polynomial are given in (35), and corresponding CECs in the CV
basis are shown in Table 14. The isothermal section calculated using
these parameters is shown in Fig. 16.

Table 16
Optimized set of CECs for the Ti-V-Zr system.

Phase Parameters (J/mol)

bec phase e3TiVZrl = e3TiVZrv2 = e3TiVZrr3 = 10000.
e4TiVZrl =0
e4TiVZr2 = 0.
e4TiVZr3 =0
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Fig. 18. Calculated isothermal section of Ti-V-Zr system at 1273 K along with
experimental data of Cui et al. [70].

Table 17
CECs for the Nb-Ti-V-Zr system in the CVCF basis.

e2NbTil = 6240,
e2NbTi2 = 3120,

e3NbTi =0,
e4NbTi = 0
e2NbV1 = 14080,
e2NbV2 = 7040,
e3NbV =0,
e4NbV =0,

e2NbZrl = 7401.6 + 6.6432T,
€2NbZr2 = 3700.8 + 3.3216T,
e3NbZr = — 4224,

e4NbZr = 0

e2TiV1 = 8160,
e2TiV2 = 4080,
e3TiV =0,

e4TiV =0

e2TiZrl = — 9264,
e2TiZr2 = — 4632,
e3TiZr =0,

e4TiZr =0

e2VZrl =17920. + 2.544T,
e2VZr2 = 8960.+ 1.272T,
e3VZr = — 5760,

e4VZir =0

e3NbTiV1l = e3NbTiV2 = e3NbTiV3 = — 20000.
e4NbTiV1 = —48800 ,
e4NbTiV2 = —24400. ,
e4NbTiV3 = — 24400

e3NbTiZrl = e3NbTiZr2 = e3NbTiZr3 = — 3333.33.
e4NbTiZrl =0
e4NbTiZr2 = 0.
e4NbTiZr3 =0

e3NbVZrl = e3NbVZr2 = e3NbVZr3 = 0.

e4NbVZrl =0

e4NbVZr2 = 0.

e4NbVZr3 =0

e3TiVZrl = e3TiVZrv2 = e3TiVZrr3 = 10000.
e4TiVZrl =0

e4TiVZr2 = 0.

e4TiVZr3 =0

e4NDbTiVZrl = e4NbTiVZr2 = e4NbTiVZr3 =0
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L1NbTiZr = —10000,
L2NbTiZr = —10000,
L3NbTiZr = —10000

(35)

3.2.3. Nb-V-Zr system

Korniyenko [89] reviewed the Nb-V-Zr System. Experimental data
for this system is available in the form of liquidus and solidus surface
projections, isothermal sections, and equilibria along several vertical
sections. Isothermal sections drawn by Korniyenko [89] suggest the
extension of the miscibility gap in the V-Zr system towards ternary
compositions. Below 1073 K, the miscibility gap in the Nb-Zr system also
starts extending into the ternary system. No thermodynamic assessment
of this system is available in the literature. Hence LAVES_C15 phase was
modeled using parameters from Ref. [90] with some modifications.
Isothermal sections drawn by Korniyenko [89] show two Laves phases
denoted by 4; and 7. However, in this work, the two phases were not
distinguished, and the same model was used for both. The calculated
isothermal section at 1273K is shown in Fig. 17. For this system a
reasonable agreement was achieved with Korniyenko [89] without
considering any ternary and quaternary interactions for the BCC phase
(Table 15).

3.2.4. Ti-V-Zr system

Enomoto [91] first reviewed and assessed the Ti-V-Zr System based
on experimental isothermal section data [92]. Later Cui et al. [70] ob-
tained self-consistent thermodynamic parameters of the Ti-V-Zr system
using their isothermal sections at 1073 and 1273 K and liquidus surface
projection data. Ternary CECs were obtained using experimental data of
Cui et al. [70] for this system. Optimized parameters for the R-K poly-
nomial are given in (36), and corresponding CECs in the CV basis are
shown in Table 16. The isothermal section calculated using these pa-
rameters is shown in Fig. 18.

L1TiVZr = 30000,
L2TiVZr = 30000,
L3TiVZr = 30000

(36)

3.3. Quaternary system

Very limited information about this system is available in the liter-
ature. Gorbachev et al. [90] have given the thermodynamic description
of the Nb-Ti-V-Zr system as part of their Cr—Nb-Ti-V-Zr database. The
disordered bcc phase included ternary interactions only for the Ti-V-Zr
system [70], and no quaternary interaction terms were considered.
Hence, quaternary interactions for this system were not considered due
to the unavailability of any experimental data and reliable quaternary
interaction parameters.

The complete set of CECs for the Nb-V-Ti-Zr system is given in
Table 17. As mentioned earlier, These are obtained after transforming
CECs corresponding to the orthogonal basis given earlier by following
the procedure given in Appendix 4.

4. Results and discussion
4.1. Phase diagram calculations

The V-Zr system contains the Laves phase, which also extends into
the ternary regions of both Nb-V-Zr and Ti-V-Zr systems. The other bi-
nary subsystems do not exhibit any intermediate phase. To investigate
the impact of high entropy stabilization of the bcc phase relative to the
Laves phase, isothermal sections for five quasi-ternary alloys were
computed: (NbqTig)-V-Zr, (Nbg.75Tig 25)-V-Zr, (Nby 5Tig 5)-V-Zr,
(Nbyg.25Tig 75)-V-Zr, and (NbgTi;)-V-Zr (Fig. 19). The results show sig-
nificant single bcc phase stabilization in the (Nbg.75Tig 25)-V-Zr,
(Nby 5Tig 5)-V-Zr, and (Nbg 25Tig.75)-V-Zr sections. The strongest effect is
observed for the (NbgsTigs)-V-Zr section, which decreases in the



V. Jindal and S. Lele

Calphad 89 (2025) 102825

Nb Nby 75T 25
(F 0x
Xy XNb Xy 05 0.5 XNb0.75Ti0.25
0.6 BCC_A2 + LAVES_CI5 0.4
09 0.1
4
| +& . & ' i = 0 1 ' f + 0
0 01 02 03 |04 05 06 07 08 09 1 0 o1 02 03l 04 05 06 07 08 09 1
v LAVES C1s X Zr Vv LAVES C15  *u Zr
Nby 50Ty 5 Nby »5Tig 75
Q00,1 1o 50 Q0251107
ANB0.50Ti0.50 XNB0.25Ti0.75
0.9 0.1
1 4 - - L - - - : - + 0 14 - - - - . - ; + 0
0 01 02 03 Ln,s 05 06 07 08 09 1 0 0l 02 03 LUA 05 06 07 08 09 1
% LAVES CI5 Yz Zr v LAVES C15 %z Zr
1 t t f f - - ; - + 0
0 0l 02 03 L(I.A 05 06 07 08 09 1
\% LAVES_CI5 Zr

Fig. 19. Ternary and quasi-ternary isothermal section at 1273K (a) (Nb1Ti0)-V-Zr, (b) (Nb0.75Ti0.25)-V-Zr, (c) (Nb0.5Ti0.5)-V-Zr, (d) (Nb0.25Ti0.75)-V-Zr and (e)

(NbOTi1)-V-Zr.

sections on either side of this section.

A three-phase equilibrium involving two bcc_A2 and Laves_C15
phases emerges with Nb substitution for Ti. Interestingly, this three-
phase equilibrium is absent in (Nb1Ti0)-V-Zr, suggesting a depen-
dence on the Nb/Ti ratio. This indicates that the miscibility gap in the
bcc_A2 phase of the Ti-V-Zr system gradually vanishes with increasing
Nb substitution.

13

4.2. Thermodynamic calculations

Contour plots of (a) configurational entropy, (b) enthalpy, and (c)
Gibbs energy of mixing at 1273K are shown in Fig. 20. It needs to be
pointed out that these calculations are relevant within the stability range
of the single-phase bcc region. The miscibility gap region is marked by
the dotted line in the figure. In some cases, additional phases are stable



V. Jindal and S. Lele

Calphad 89 (2025) 102825

xNb

Ti

0.0

02 04

xV

06

xNb

xZr Nb xZr \V .
Nb 02 04 06 08 10 & Smix 0.0 02 0.4 06 08 1.0 ¥ sSmix
1.0 1.0 1110 1.0 12.00
9.713
10.00
08 08 0.8
8.325
8.000
0.6 0.6 6.938 0.6
F =
e}
b4 5550 < 6.000
X
0.4
04 04
4163 4,000
2775
0.2 0.2 0.2 2.000
1.388
0.0 0.0 0000 0.0 o
0.0 02 0.4 06 0.8 1.0
Ti v ax
xV
(a)
xZr r xZr \Y;
Nbg g 02 0.4 06 0.8 10 <" Hmix Nbg o 0.2 0.4 06 08 107 Hmix

(b)

-4219

-5625

-7031

-8438

-9844

-1.125E+04

-2000

-4000

-6000

-8000

-10000

-12000

-14000

(©

Fig. 20. Contour plots of (a) configurational entropy, (b) enthalpy, and (c) Gibbs energy of mixing at 1273K. This figure visualizes the compositions of quaternary
alloys within a two-dimensional space. The dotted lines in these figures represent the boundaries of the miscibility gap. The region to the right of these lines cor-
responds to a two-phase region.
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within this region. The results shown in the figure would be applicable
to this region also if the bee phase can be retained metastably in it. This
figure visualizes the compositions of quaternary alloys within a two-
dimensional space. To achieve this, calculations were performed at
specific compositions where two key ratios are maintained: xr; : xy =
Xnp : Xzr = (1 -X)/X and x7i : Xnp = Xy : Xzr = (1 -Y)/Y with X and Y
being the abscissa and ordinate in the plot. The composition of the alloy
representing the point (X, Y) in the figure is given by

xp=Y(1=X),x = (1-X)(1-Y),xy =X(1-Y),xz = XY

Using these two ratios, the figure effectively represents a diverse
range of quaternary alloy compositions within a limited two-
dimensional space. This representation has Nb-Ti, Ti-V, V-Zr, and Nb-
Ti binary subsystems on the edges. To include compositions in the Ti-
Zr and Nb-V systems, one more version of these contour plots is calcu-
lated with interchanged locations of V and Zr, i.e., X7; : Xz = Xnp : Xy =
(1-X)/X and x7; : xyp = Xz : Xy = (1 = Y)/Y.

Contour plots of the configurational entropy are almost symmetrical
around equiatomic composition, except near the V-Zr end. The
maximum value of entropy was 11.09 J/mol, which occurred for the
alloy with the approximate composition {xy, = 0.27, xp; = 0.26, xy =
0.24, xz = 0.23}. The value of the entropy at the equiatomic compo-
sition was a little lower at 11.08 J/mol. These values are about 4 %
lower than the ideal entropy of mixing, 11.53 J/mol.

The enthalpy of mixing reveals a tendency for phase separation in
these quaternary alloys (Fig. 20b). The enthalpy is positive for all qua-
ternary alloys, which indicates a thermodynamic preference for phase
separation. This tendency is strongest in the Nb-V-Zr alloys and weakens
with increasing Ti content. The maximum of the enthalpy of mixing is
located near the composition {xy; = 0.32, xy; =0.00,xy = 0.34,xz =
0.34}. This is in conformity with observations in binary subsystems
where the bce phase exhibits the highest phase separation tendency in
the V-Zr system, followed by Nb-Zr and Nb-V. Hence, Nb-V-Zr alloys are
expected to have a very high tendency for phase separation. The addi-
tion of Ti appears to counteract this tendency, suggesting a stabilization
of the solid solution phase. On the other hand, the lowest value of
enthalpy of mixing is located, as expected, near the equiatomic binary
Ti-Zr alloy.

The combined effect of entropy and enthalpy can be observed in the
Gibbs energy of mixing (Fig. 21 (c)). The minimum of the Gibbs energy is
shifted toward the Ti end (x5 = 0.115, x1; = 0.46, xy = 0.085, xz =
0.34) due to the smaller contribution of the enthalpy. Iso-G contours are
symmetrical around this minimum, just like in the case of entropy.
Incidentally, at this composition, the entropy of mixing is just 9.60 J/

- Nb-Ti
—Ti-V

< Ti-Zr
~(NbV)-Ti
~=(NbZr)-Ti

~(NbVZr)-Ti

0.4

XTi

0.6 0.8 1

Fig. 21. Calculated activity of Ti in binary Nb-Ti, Ti-V, Ti-Zr, and pseudo-
binary systems (NbV),Ti;x, (NDZr),Ti; x, (NDVZr),Ti; x at 1273 K.
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mol as against the ideal value of 9.83 J mol~}, and the enthalpy of
mixing is almost zero. This shows the importance of enthalpy of mixing
in the stabilization HEAs.

The activity of titanium (Ti) at 1273 K was determined for binary
(Nb-Ti, Ti-V, Ti-Zr), and pseudo-binary ((NbV)yTijx, (NbZr)4Tijx,
(NbVZr)4Ti; x) alloys. The results are presented in Fig. 21. As antici-
pated, the activity of Ti in the binary Nb-Ti and Ti-V systems deviates
positively from Raoult’s law. In contrast, it deviates negatively in the Ti-
Zr binary solid solution. The influence of adding zirconium (Zr) on the
activity of Ti in the Nb-Ti system is evident in the pseudo-binary
(NbZr)4Ti;.x system, where a negative deviation from Raoult’s law is
observed. In the Nb-Ti-V system, the activity of Ti exhibits a negative
departure at lower concentrations of Ti, transitioning to a positive de-
parture at higher Ti concentrations. Interestingly, a negative deviation
from Raoult’s law in the quaternary alloy is observed across all com-
positions. These trends can be visualized more clearly in the contour
maps of the activity coefficient of the Ti shown in Fig. 22. The activity
coefficient of Ti in most composition regions is less than one, except near
Nb- and V-rich ends, which indicates a negative departure from Raoult’s
law. The high phase separation tendency between Vanadium (V) and
Zirconium (Zr) in the Nb-Ti-V-Zr system suggests the formation of two
distinct type clusters: a V-rich region and a Zr-rich region containing
Titanium (Ti). This is likely due to the attractive force between Ti and Zr,
which leads to Ti co-segregating with Zr and consequently reducing its
overall activity.

To understand the stabilization of quaternary bce solutions relative
to the unary, binary, and ternary counterparts, respectively, one may
define the following differences for any thermodynamic quantity F.

AF“Y (ABCD) = F(ABCD) — (1 / 4)(F(A) + F(B) + F(C) + F(D)) (37)
AF™(ABCD) = F(ABCD) — (1 / 6)(F(AB) + F(AC) + F(AD) + F(BC) +
+A(BD) +A(CD)) (38)

AF“™(ABCD) = F(ABCD) — (1 / 4)(F(ABC) + F(ABD) + F(ACD) + F(BCD))
39

where F is any one of enthalpy, entropy, and Gibbs energy. Fig. 23 shows
the variation of AGpnix, AHpmix and ASpic. As expected, the maximum
increase in entropy occurs for mixing from pure components which
decreases rapidly for mixing from binary and ternary subsystems. This is
accompanied by a surprising decrease in the corresponding enthalpy
values. As a result, maximum stabilization is obtained with respect to
pure components. However, considerable stabilization may be seen
relative to ternary subsystems as well. Bokas et al. [93] have studied,
using statistical analysis, the evolution of enthalpic and entropic con-
tributions with the number of components in bec and fcc solutions. The
present results are in conformity with their conclusion that, generally,
both contributions favour stabilization and that their effect decreases as
the number of components increases.

4.3. SRO calculations

Pairwise multicomponent Cowley-Warren SRO parameters are
defined in terms of the pair probability p® of having P and R atoms on
sites i and j [94].

PR
iy P
app=1—
XpXR

Generalized pairwise multicomponent SRO parameters have been
defined by Ceguerra et al. [95]. In general, one may define multisite SRO
parameters (such as triangle and tetrahedron clusters) by extending the
above definition as follows [96]:

(40)
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Fig. 22. Contour maps of activity coefficients of Ti calculated at 1273K
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MPRT (XMXPXRXT)

where p}ERT

2, 3, and 4.

One of the advantages of the CE-CVM model is the possibility of
computing the above SRO parameters, which can provide further insight
into the atomic interactions. This is demonstrated through the calcula-
tion of the Cowley-Warren SRO parameters. The present formulation
provides values of some of the CVs (those treated as CFs) during Gibbs
energy minimization eliminating the need for additional calculations for
computing SRO parameters.

The effect of composition on various first-neighbor Cowley-Warren
SRO parameters (@) is shown in Fig. 24. Contour plots of Cowley—Warren
first neighbor (a) Nb-Ti (b) Nb-V (c) Nb-Zr (d) Ti-V (e) Ti-Zr and (f) V-Zr
pair sro parameters in pseudo-ternary isothermal section are shown in
Fig. 24. These contour plots, resembling ternary diagrams, were gener-
ated by setting the mole fractions of niobium (Nb) and titanium (Ti)
equal (x5, = x1;) while independently varying the concentrations of the
remaining two alloying elements, vanadium (V) and zirconium (Zr). In
the binary Nb-Ti system, a weak preference for phase separation exists,
as indicated by a slightly positive SRO parameter. Adding Vanadium (V)

is the probability of having M, P, R, and T atoms on sites 1,

16

promotes an ordering tendency, while Zirconium (Zr) enhances a phase
separation tendency (Fig. 24a). This interplay continues in the quater-
nary system, where V and Zr create an "averaging effect," leading to a
more random atomic distribution compared to the binary Nb-Ti alloy.
Similarly, the Nb-Zr system exhibits a strong preference for phase sep-
aration (Fig. 24c), as reflected by its positive SRO parameter. Adding Ti
intensifies this behavior while V counters it. Again, the addition of both
elements results in an "averaging effect." This behavior extends to other
systems. In the Ti-V system (Fig. 24d), Zr strengthens an existing phase
separation tendency while Nb weakens it. The V-Zr system exhibits a
strong separation tendency (Fig. 24f), reflected by its positive SRO
parameter. Nb weakens this tendency, while Ti initially reduces it but
leads to increased separation at higher concentrations. The binary Nb-V
system exhibits a tendency for phase separation but adding Ti and Zr
suppresses this and instead promotes an ordering tendency (Fig. 24b).
The Ti-Zr system shows weak ordering tendencies, which are further
strengthened by adding Nb and V. A combination of all the components
promotes random behavior. Overall, these trends suggest that Nb-Ti-V-
Zr alloys will likely form clusters enriched in V and Zr. Additionally,
Nb and V might prefer to be near each other, while Ti tends to stay close
to Zr.

Tetrahedron cluster sro parameters (a}v%?,‘fﬁzr) based on the correla-
tion function (v4NbVTiZrl) are shown in Fig. 25. One can see that this
cluster at equiatomic composition has a slight phase-separating ten-
dency. Moving toward Nb and V increases the stability of this cluster. On
the other hand, the cluster becomes unstable closer to Ti and Zr. A band
of instability is visible between Nb-V and Ti-Zr binary solutions. Hence,
this SRO will transform into phase separation of two bcc phases at lower
temperatures: (i) Nb-V rich and (ii) Ti-Zr rich. At 573 K (300 °C),
equiatomic alloy separates into two phases: (i) V-rich phase (xyp
0.3416,x; = 0.2389,xy = 0.4174,xz = 0.0021) and (ii) Zr-rich phase
(cp = 0.1443, x; = 0.2656, xy = 0.0065, xz = 0.5836). Nb atoms
have preferential segregation with V.

The presence of SRO in single phase alloys leads to coherency strain
fields which result in additional strengthening of alloys. Such
strengthening is limited either by phase separation into two phases with
the same crystal structure or by the formation of an ordered phase.
Dasari et al. [97] have used enthalpies of mixing of binary CoFeNiAlTi
alloys to infer the qualitative extent of SRO in the binary subsystems of
these alloys and thereby design alloys with superior mechanical prop-
erties. The present approach shows that a quantitative mapping of SRO
in the entire composition space can be achieved, and thus, compositions
corresponding to desired levels of SRO can be found without elaborate
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Fig. 25. Contour plots of Cowley-Warren Nb-Ti-V-Zr tetrahedron sro parameter at 1273K.

experimental investigations. In addition to pairwise SRO parameters,
multisite SRO parameters can be determined to aid in alloy design.
Limiting compositions corresponding to the highest values of SRO before
the onset of spinodal decomposition or spinodal ordering can also be
determined. Such limiting compositions should possess very high
strengths.

5. Conclusions

This work introduces a novel formalism for calculating cluster ex-
pansions (CEs) used in the computational thermodynamics of multi-
component systems, which offers a consistent definition of correlation
functions (CFs) across both the full system and its individual subsystems.
This approach has a key advantage: the cluster expansion coefficients
(CECs) of all subsystems can be directly incorporated into the CE of any
higher-order system.

The details of the derivation for the multicomponent CE based on
cluster variables are provided for the disordered bcc structure, while
results obtained for fcc and hep structures by a similar analysis are also
presented. Notably, the CE for quinary and higher-order systems does
not require any additional CECs beyond those of their constituent qua-
ternary subsystems. This leads to two significant implications:

(i) Contrary to common belief, the number of CFs and CECs does not
increase exponentially for typical multicomponent alloys.

(i) Existing databases, like those used in standard CALPHAD
methods, can be readily adapted for this CE-CVM approach.

Appendix A. Supplementary data

The advantages of this formalism are demonstrated using the Nb-Ti-
V-Zr system as a case study. First, thermodynamic descriptions of the
binary and ternary subsystems are obtained using all available experi-
mental data. Then, by leveraging the CECs of these subsystems, an
optimized set of CECs is derived for the entire Nb-Ti-V-Zr system.
Finally, various phase diagrams, thermodynamic properties and SRO
parameters are calculated using this optimized set of CECs. It is shown
that both enthalpy and entropy play significant roles in the stabilization
of the single-phase bcc phase. Further, the low values of the Gibbs en-
ergy of mixing of the bcc phase around the equiatomic composition
(owing to a favorable combination of the enthalpy and entropy of
mixing) limit the range of stability of the binary Laves phase in the
quaternary alloys.

CRediT authorship contribution statement

Vikas Jindal: Writing — original draft, Resources, Methodology,
Investigation, Formal analysis, Data curation. Shrikant Lele: Writing —
review & editing, Validation, Supervision, Methodology, Data curation,
Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Supplementary data to this article can be found online at https://doi.org/10.1016/j.calphad.2025.102825.

Appendix 1. Correlation functions for disordered fcc structure in tetrahedron approximation of CVM

The crystallographically distinct clusters in this approximation are (sites in parenthesis): (i) Point (1), (ii) I-n pair (12), (iv) equilateral triangle
(123), and (vii) Tetrahedron (1234). Details of these clusters and corresponding CFs are shown in Table 18.
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2

Fig. 26. Projection of tetrahedron cluster in the fcc disordered structure.

The binary system has one point, one pair, one triangle, and one tetrahedron CFs. We shall use the point variables xA directly as CFs along with the
normalization condition } xA = = 1. there are 2 points, three pairs, four triangles, and five tetrahedra CFs for a ternary system. Out of these 14 CFs,
the three binary pair CFs, three binary triangle CFs, and three binary tetrahedron CFs are directly inherited from the three binary subsystems. That

leaves one ternary triangle CF and two ternary tetrahedra CFs. There are three types of triangle CVs, namely (i) pi%5, (ii) p¥5%, p*RR and (iii) p{RY. Three

symmetrical combinations of triangle CVs of the type p?%T and tetrahedron CVs of the type pieRy, pPRRT  pPRIT are chosen as triangle-tetrahedron
composite CFs. For a quaternary system, there are 3 points, six pairs, ten triangles, and 15 tetrahedron CFs. Among these CFs, the six binary pair
CFs, six binary triangle CFs, and six binary tetrahedra CFs are directly inherited from the six binary subsystems. Similarly, 4 ternary triangle and 8

ternary tetrahedron CFs are directly inherited from the 4 ternary subsystems. That leaves 1 quaternary tetrahedron CF to be defined.

Table 18
CFs for using Tetrahedron approximation for fcc structure.
System Binary Ternary Quaternary
Cluster Type CF No. of CF CF No. of CF CF No. of CF
Tetrahedron (1234) v4 PR 1 VAPR, ... 3 V4 PR, ... 6
V4PRT1 1 V4PRTL, ... 4
VAPRT2 1 V4PRT2, ... 4
V4PRT3 1 V4PRTS, ... 4
v4PRTW 1
Triangle (123) v3 PR 1 V3 PR, ... 3 V3 PR, ... 6
I-n Pair (12) v2 PR 1 V2 PR, ... 3 V2PR, ... 6
Point (1) xP 1 XxP, ... 2 xP, ... 3
Total no. of CFs 4 14 34

Equations (59)-(78) give expressions of CF in terms of cluster variables. CVs ptR, p?RT and p?RTW represent probability of finding configurations PR,

PRT, PRTW on I-n pair (12), triangle (123) and Tetrahedron (1234), respectively.

v2 PR=p"% “
V3 PR 1t s @
VAPRTY = (o157 1 20387 55T _ oy /3 “
VAPRT2 = (o1 — 8T 4 2,088 — o) /3 “>
VAPRTS — (o] — pP8T _ Ssr | g /3 @0
v4 PR=pitEe @
VAPRTW = p?RTW “8)

The cluster variables’ expressions for the above CFs are given below.

PRI — (v4PRT1 + vAPRT2 + v4PRT3) -
1 p_1 R-1 z
P55 =5|(2PR—V3PR)~ )" (VANPR1 + vANPR2 + vANPR3) ~ Y, (V4PQR1+V4PQR2 +V4PQR3) ~ Y (V4PRS1 + V4PRS2 + VAPRS3)
(50)
1 P1 R-1 Z
Pz =7 |V2PR+Y3PR) =} | (VANPR1 +VANPR2 +VANPRS) = 3, (V4PQR1 +V4PQR2+V4PQR3) ~ > ', ,(V4PRS1 +V4PRS2 + V4PRSS)]
(51
PPP 1—r-1 15z " -
P =Xe =59,y J(3V2MP+V3MP) —3> " (3v2PR—V3PR)+ 3 " %" " (vAMNPL +vAMNP2 +v4MNP3)
P-1 —Z “1 z
D D s pi (VANPS1 +VANPS2 +vANPS3) + Y N " (v4PST1+v4PST2 +v4PST3) (52)
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1 pP-1 z
vy (S A Y ) 3
1 P-1 P RT
o185 —varRra - | (ZM D S D S B0 S A 50
1 PQRT -1 PRTU
p€§§fv4PRT3——<ZM S e ST 5 ,,) )

1 I—pr-1 I
PreES = 5 (V2PS — V3PS — 2v4PS) — ZZM:A (v4AMPS1 + 3v4MPS2 + v4MPS3) — EZ o_ps1 (3VAPQS1 +Vv4PQS2 + v4PQS3)

1 P-1 z
- ZZT 5., (3VAPST1 +v4PST2 + v4PST3) + <Z ZN spoq VAMNPS + ZM AZQ b VAMPQS Y N T vAMPST (56)

S vAPQRS +Y N vaPQST+Y S“ZiTHMPSTU)

1 1
Praas = 5 (V2PS+V3PS—2v4PS) o) (v4MPSl + v4MPS2 + 3v4MPS3) 22 _p.1 (VAPQS1 +v4PQS2 + 3v4PQS3)
1z P-1 z
_ EZTJ | (VAPST1 + 3v4PST2 4 v4PST3) (Z ZN viog VAMNPS + Z ZQ b VAMPQS+Y N T vAMPST 7)

DIFD IR D) ST DA SRR )

(v4MNP1 + v4MNP2 + 2v4MNP3)

N=, M+1

P =xp— > (2v2MP+v3MP —v4MP) - > . (2v2PS—v3PS—v4Ps)+2) | “ 3

+ 22 ZS _p., (VANPS1 + 2vANPS2 + v4NPS3) + 223 MZ (2v4PST1 + v4PST2 + v4PST3) — (Z ZK MZM . VAIKMP

T=. S+l

+Z ZM K+ 1ZE:P+IV4KMPR+Z ZR P+1ZT R+1V4MPRT+ZR P+IZT R+1Z;T+1V4PRTW>

(58)

Appendix 2. Correlation functions for disordered hcp structure in triangle-tetrahedron approximation of CVM

The crystallographically distinct clusters in this approximation are (sites in parenthesis): (i) Point (1), (ii) In-plane I-n pair (12), (iii) Out-of-plane I-
n pair (14), (iv) Tetrahedral basal equilateral triangle (123), (v) Octahedral basal equilateral triangle (456), (vi) Out-of-plane pyramidal isosceles
triangle (124) and (vii) Tetrahedron (1234). Details of these clusters and corresponding CFs are shown in Table 19.

5
@
1
@
4 6
o o
2 3

Fig. 27. Basal plane projection of hcp structure. Continuous lines connect sites on the plane of the paper, and broken lines connect the ones above and below the
plane of the paper.
There is 1 point, two pairs (one in-plane and one out-of-plane), three triangles (one tetrahedral basal, one octahedral basal, and one out-of-plane),
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and one tetrahedron CF in the binary system. We shall use the point variables xA directly as CFs along with the normalization condition > JxA = = 1.
Similarly, for a ternary system, there are 2 points, six pairs (three in-plane and three out-of-plane), 14 triangles (four tetrahedral basal, four octahedral
basal, and six out-of-plane), and eight tetrahedra CFs. Among these 30 CFs, the six binary pair CFs, nine binary triangle CFs, and three binary
tetrahedra CFs are directly inherited from the three binary subsystems. That leaves five (one tetrahedral basal, one octahedral basal, and three out-of-
plane) ternary triangle CFs and five ternary tetrahedra CFs to be defined. For a quaternary system, there are 3 points, 12 pairs (six in-plane and six out-
of-plane), 38 triangles (ten tetrahedral basal, ten octahedral basal, and eighteen out-of-plane), and 30 tetrahedra CFs. Out of total 83 CFs, the 12 binary
pair CFs, 18 binary triangle CFs, and six binary tetrahedra CFs are directly inherited from the six binary subsystems. Similarly, 20 ternary triangles and
20 ternary tetrahedra CFs are directly inherited from the four ternary subsystems. That leaves four quaternary tetrahedra CFs to be defined.

Table 19
CFs for using Triangle-Tetrahedron approximation for cph structure.

System Binary Ternary Quaternary
Cluster Type CF No. of CF CF No. of CF CF No. of CF
Tetrahedron (1234) v4 PR 1 VAPR, ... 3 VA PR, ... 6
V4PRT31 1 V4PRT31, ... 4
V4PRT32 1 V4PRT32, ... 4
V4PRT33 1 V4PRT33, ... 4
V4PRT34 1 VAPRT34, ... 4
V4PRT35 1 V4PRT35, ... 4
V4PRT36 1 VAPRT36, ... 4
V4PRT37 1 V4PRT37, ... 4
V4PRT38 1 V4PRT3S, ... 4
V4PRT39 1 VAPRT39, ... 4
V4PRTW1 1
VAPRTW2 1
V4PRTW3 1
V4PRTW4 1
Equilateral triangle (OP) (124) v3PR3 1 v3PR3, ... 3 v3PR3, ... 6
Equilateral triangle (OB) (456) v3PR2 1 v3PR2, ... 3 v3PQ2, ... 6
v3PRT2 1 v3PRT2, ... 4
Equilateral triangle (TB) (123) v3PR1 1 v3PR1, ... 3 v3PR1, ... 6
I-n Pair (OP) (14) V2 PR2 1 V2PR2, ... 3 V2PR2, ... 6
I-n Pair (IP) (12) v2PR1 1 V2PR1, ... 3 V2PR1, ... 6
Point (1) xP 1 xP, ... 2 xP, ... 3
Total no. of CFs 7 30 83

Equations (59)-(78) give expressions of CF in terms of cluster variables. CVs yPR1 and yPR2 represent probability of finding configuration PR on in-
plane (12) and out-of-plane (14) pairs, respectively. Similarly, yPRT1, yPRT2 and yPRT3 represent probability of finding configuration PRT on
tetrahedral basal triangle (123), octahedral basal triangle (456) and out-of-plane triangle (124), respectively. Finally, yRTWP is probability of finding
configuration RTWP on the Tetrahedron (1234).

v2PR1=yPR1 (59)

v2 PR 2 =yPR2 (60)

v3 PR 1 =yPRR1 — yPPR1 (61)

v3 PR 2=yPRR2 — yPPR2 (62)

v3 PR 3=yRRP3 — yPPR3 (63)

1

v4PR=3 (YPRRP +yPPRR) (64)

V3PRT2 =yPRT2 (65)
1

v4PRT31 =yPRTP + 3 (YRTP3 — yPRTP — yRRTP — yRTTP) (66)

VAPRT32 =yRRTP + % (YRTP3 — yPRTP — yRRTP — yRTTP) (67)
1

VAPRT33 = yRTTP + 5 (YRTP3 — yPRTP — yRRTP — yRTTP) (68)
1

VAPRT34 =yPPTR + 3 (yPTR3 — yPPTR — yPRTR — yPTTR) (69)
1

VAPRT35=yPRTR + 5 (yPTR3 — yPPTR — yPRTR — yPTTR) (70)
1

VAPRT36 = yPTTR + 3 (yPTR3 — yPPTR — yPRTR — yPTTR) 71)
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1

V4PRT37 =yPPRT + 3 (YPRT3 —yPPRT — yPRRT — yPRTT)
1

V4PRT38 =yPRRT + 3 (YPRT3 — yPPRT — yPRRT — yPRTT)

1
VAPRT39 = yPRTT + 5 (yPRT3 — yPPRT — yPRRT — yPRIT)

V4PRTW1 =yRTWP
V4PRTW2 =yPTWR
V4PRTW1 =yPRWT

VAPRTW1 =yPRTW

The cluster variables’ expressions for the above CFs are given below.

yPR1=v2PR1
P-1
YPPl=xP—Y = yNP1— ZQ ».,YPQL
YPR2=v2 PR 2
pP2=xP -y . yNP2-Y T yPQ2
Y - N:A‘y Q:P+1‘y

YPRT2 =v3PRT2

v3PQR2 — Z

1
YPPR2 =3 <v2 PR1-Vv3PR2— Z Vv3NPR2 — ZQ -

v3PQR2 - >,

1
YPRR2 =2 <v2PR1+v3PR2 Z V3NPR2 — ZQ o

S=R+1

S=R+1

Calphad 89 (2025) 102825

(72)

(73)

(74)

(75)
(76)
77

(78)

(79

(80)

(81)

(82)

(83)

(84)

(85)

3 P-1 z 1 P-1 x—Z
YPPP2=xP - (ZNAVZNPI + ZQPHVZPQl) +5 ( ~3 0 vaNp2 ¢ ZQ b, 1v2PQ2> YN L V3INP2+ YN v3NPQ2

z
+ ZQ P41 ZS:Q+1v3PQS2

YRTP3 =v4PRT31 + v4PRT32 + v4PRT33

YPTR3 =v4PRT34 + v4PRT35 + v4PRT36

YPRT3 =v4PRT37 + v4PRT38 + v4PRT39

1

YPRTP=V4PRT31 — 5 (ZN L VANPRT2 + ZQ p.1VAPQRT1 + ZS a1 VAPRST1 +ZU 1.,VAPRTUL

YRRTP =v4PRT32 —

YRTTP=v4PRT33 — - 37 vaNPRT2+ " o_p.1VAPQRT1 + S

S=R+1

VAPQRT3 + Y. |

Q=P+1 S=R+1

1
YPPTR=V4PRT34 — 5 <Z VANPRT3 + Z

yPRTR =Vv4PRT35 —

1 P-1 R-1 T-1 7z
3 <ZNAV4NPRT2 +D o pVAPQRTL+D " VAPRST14Y

VAPRST1 +Y °
VAPRST2 + Z

P-1 R-1 T-1 z
D W aVANPRT3+% ' vAPQRT3+  VAPRST2+) . v4PRTU2

YPTTR =v4PRT36

YPPRT =v4PRT37 —

[
5z
(

> a

R-1 T-1 z
VANPRT3+) ' VAPQRT3+Y VAPRST2+) . Vv4PRTU2

VANPRT4 + Z VAPQRT4 + Z VAPRST4 + Z VAPRTU3

Q=P+1 S=R+1 U=T+1

)
)
)
)
)
)
)
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1

YPRRT =V4PRT38 — o <Z VANPRT4 + ZQ ».1VAPQRT4 + ZS i VAPRST4 + ZU . 1V4PRTU3> 97)
1 P-1 R-1 T-1 z

YPRTT =v4PRT39 — <ZNAV4NPRT4 +D qpVAPQRT4+) vAPRST4 + ZUT+1V4PRTU3> (98)

N[~

YPPR3 = [ —Vv2PR1+2v2PR2—-Vv3 PR3 — Z;:A( — v4MPR31 — v4MPR32 — v4MPR33 + v4MPR34 + v4MPR35 + v4MPR36 + v4MPR37
+v4MPR38 +v4MPR39) — ZQ (v4PQR31 + v4PQR32 + v4PQR33 — v4PQR34 — v4PQR35 — v4PQR36 + v4PQR37 + v4PQR38 99)

+v4PQR39) — Z;RH (v4PRS31 + v4PRS32 + v4PRS33 + v4PRS34 + v4PRS35 + v4PRS36 — v4PRS37 — v4PRS38 — v4PRS39)

1 _
YRRP3 = 3 |: —V2PR1+2v2PR2+V3 PR3 — Z;:A( — v4MPR31 — v4MPR32 — v4MPR33 4 v4MPR34 4 v4MPR35 + v4MPR36 + v4MPR37
+v4MPR38 + v4MPR39) — ZZ;H (v4PQR31 + v4PQR32 + v4PQR33 — v4PQR34 — v4PQR35 — v4PQR36 + v4PQR37 + v4PQR38 (100)

+v4PQR39) Zs v4PRSSl +V4PRS32 + v4PRS33 + v4PRS34 + v4PRS35 + v4PRS36 — v4PRS37 — v4PRS38 — v4PRS39)

1 _
YPRR3 = 2 {VZ PR1+Vv3 PR3+ Z;:A( — v4MPR31 — v4MPR32 — v4MPR33 + v4MPR34 + v4MPR35 + v4MPR36 — v4MPR37 — v4AMPR38

—v4MPR39) + Z (v4PQR31 + v4PQR32 + v4PQR33 — v4PQR34 — v4PQR35 — v4PQR36 — v4PQR37 — v4PQR38 — v4PQR39) (101)

Q=P+ 1

+ Z;RH (v4PRS31 + v4PRS32 + v4PRS33 — v4PRS34 — v4PRS35 — v4PRS36 — v4PRS37 — v4PRS38 — v4PRS39)

1 _
YPRP3 = 3 V2PR1—-v3PR3+ Z;: A( — v4MPR31 — v4MPR32 — v4AMPR33 + v4MPR34 4 v4MPR35 + v4MPR36 — v4MPR37 — v4MPR38

—V4MPR39) + Z (v4PQR31 +v4PQR32 + v4PQR33 — v4PQR34 — v4PQR35 — v4PQR36 — v4PQR37 — v4PQR38 — v4PQR39) (102)

Q=P+1

+ Z;RH (v4PRS31 + v4PRS32 + v4PRS33 — v4PRS34 — v4PRS35 — v4PRS36 — v4PRS37 — v4PRS38 — v4PRS39)

P-1

YPPP3 =xP — ZZM a (v2MP1 + 2v2MP2 — v3MP3) — (v2 PR1+2v2PR2+V3PR3)+ Z M v4MNP37 + v4MNP38 + v4MNP39)

2L iM=A NM+1(

+ E ZR »,1(VAMPR34 + vAMPR35 + v4MPR36) + Z o PHZR:QH (v4PQR31 + v4PQR32 + v4PQR33)
(103)

1
YPRT1 =v4PRT31 + v4PRT35 + v4PRT39 + 3 Z (3v4NPRT1 — V4NPRT2 — v4ANPRT3 — v4NPRT4) + Z (3v4PQRT2 — v4PQRT1

QPl

—V4PQRT3 — v4PQRT4) + Z (3v4PRST3 — v4PRST1 — v4PRST2 — v4PRST4) + Z (3v4PRTU4 — v4PRTU1 — v4PRTU2 (104)

S=R+ l U=T+ l

— VAPRTU3)

v4PQT31 + v4PQT35 + v4PQT39)

1 p-1 T—
YPPT1 =3 [vzpn —V3PT1 -~ (vANPT31 +v4NPT35 + vANPT39) — ZQ o (

VA
= ., (vAPTU31 + v4PRU35 + v4PRU39) Z ZN 1., (— VALNPT1 —v4LNPT2 + vALNPT3 + vALNPT4)

+‘§:: ZE:Q P+ 1 _'V4AH%271-+V4AH%2T2<—V4AHK2T3_FV4AUK2T4 +_EE:P—12£:Z

U=T+1
z
U=T+1

( — v4NPTU1 + v4NPTU2 + v4ANPTU3 — v4ANPTU4)

+ Z QP12 R_Qi1 (v4PQRT1 — v4PQRT2 — v4PQRT3 + v4PQRT4) + Z Qi1 (v4PQTU1 — v4PQTU2 + v4PQTU3 — v4PQTU4)

+ ZU o Z‘Z,:UH (vAPTUV1 +v4PTUV2 — v4PTUV3 — vAPTUV4)

(105)

23



V. Jindal and S. Lele Calphad 89 (2025) 102825

1 -1 T—
yPTT1 = 3 v2PT1 —v3PT1 — ZN:A (V4NPT31 + v4NPT35 + v4NPT39) — ZQ - 1(V4PQT31 +v4PQT35 +v4PQT39)

~>  (VAPTU31 + v4PRU35 + v4PRU39) Z S ., (~VALNPT1 - vALNPT2 + vALNPT3 + vALNPT4)

pP-1 VA
+ Z Z a_pe1( — VANPQT1 +v4NPQT2 — vANPQT3 + v4NPQT4) + > e Zyzm( — V4NPTU1 + v4NPTU2 + vANPTU3 — v4ANPTU4)

ZQ pi1 ZR Q+1 (VAPQRT1 — v4PQRT2 — v4PQRT3 + v4PQRT4) + ZQ pi1 Ziﬂ“ (v4PQTU1 — v4PQTU2 + v4PQTU3 — v4PQTU4)

+Y S (VAPTUV1 4 v4PTUV2 — v4PTUV3 — v4PTUVA)

(106)
3 1
YPPP1=xP (Z v2NP1 + ZR . V2PR 1) +5 < - Z v3NP1 + ZR ., V3PR 1) + Z ZN 1r.1 (VAMNP31 4 vAMNP35 + v4MNP39)
VA
+ Z w_p,1 (VANPR31 + VANPR35 + vANPR39) + ZR p1 2 r_g.y (VAPRT31 +V4PRT35 + v4PRT39)
3 {Z ZM o ZN vi.2 (VALMNP1 ++ vALMNP2 + v4LMNP3 — 3v4LMNP4)
VA
+3 0 ZN M+IZQ:P+1 (vAMNPQ1 + v4MNPQ2 — 3v4MNPQ3 + v4LMNP4)
Z Z-1 Z
+ Z 0pi12nqu (VANPQRL — 3vANPQR2 + v4NPQR3 + VANPQR4) + Z 0pi1 D reqi D i — 3VAPQRSL +VAPQRS2
+ v4PQRS3 + v4PQRS4)
(107)

1 T
YPPTP = (2v2PT1 —v3PT1 —V3PT3 — 4 v4PT) + ZZP;

— 2V4LPT31 — 3 v4LPT32 — v4LPT33 — vALPT34 — 4 v4LPT35 — v4LPT36 + v4LPT37 +v4LPT38) + 4ZQ b 1

— 4 v4PQT31 — v4PQT32 — v4PQT33 — 3 v4PQT34 — 2 v4PQT35 — v4PQT36 + v4PQT37 + v4PQT38) 42(1 T+1
— 4 v4PTU31 — v4PTU32 — v4PTU33 + v4PTU34 +v4PTU36 — 3 v4PTU37 — v4PTU38 — 2 v4PTU39) 62 ZM . 1 (3 v4LMPT3 +v4LMPT4)

+EZ ZQ »., (3 VALMPT2 ++ vALMPT4) + +—Z ZU 1.1 (3 VALPTU2 +v4LPTU3) + GZQ MZR o.1(3 VAPQRT1 +v4PQRT4)

6ZQ PHZU 1.1 (3 V4PQTU1L +v4PQTU3) 6ZU meHM (3 v4PTUW1 +v4PTUW?2)

(108)
1 1—=P-1
YPTTT = (2v2PT1 +V3PT1 +V3PT3 — 4 v4PT) + ZZL:A(

— 2V4LPT31 — vALPT32 — 3 vALPT33 + v4LPT34 + v4LPT36 — VALPT37 — vALPT38 — 4 v4LPT39)

4ZQ P+l (v4PQT32 + v4PQT33 — v4PQT34 — 2 v4PQT35 — 3 v4PQT36 — v4PQT37 — v4PQT38 — 4 v4PQT39)

+ ZZ I (v4PTU32 +v4PTU33 — v4PTU34 — 4 vAPTU35 — v4PTU36 — v4PTU37 — 3 v4PTU38 — 2 v4PTU39)

1 I —P-12z
+ EZ N 1., (VALMPT3 + 3VALMPT4) + EZ S q_pn (VALMPT2 + 3VALMPT4) 4 +2> > | (vALPTU2 + 3 v4LPTU3)

VA
6ZQ PHZR o1 (VAPQRT1 + 3 vAPQRT4) + 6ZQ MZU 111 (VAPQTU1 + 3 v4PQTU3) + 62:” THZMH (v4PTUW1 + 3 v4PTUW?2)
(109)
1 j
YPPTT =7 (—v3PT1+V3PT3 + 4 v4PT) + ZZf:;( — V4LPT32 + v4LPT33 + v4LPT34 + 2 v4LPT35 + v4LPT36 — v4LPT37 — vALPT38 — 2 v4LPT39)

42 Qps 1 (2v4PQT31 +v4PQT32 + v4PQT33 — v4PQT34 +v4PQT36 — v4PQT37 — v4PQT38 — 2 v4PQT39)

1z
+ ZZU:TH (2 v4PTU31 +v4PTU32 + v4PTU33 — v4PTU34 — 2 v4PTU35 — v4PTU36 — v4PTU37 + v4PTU38) + 6ZL A L+l

1 I P12z
— VALMPT3 + vALMPT4) + 62 oD .y ( — VALMPT2 +vALMPT4) + +£2 1aD_yraa( — VALPTU2 +VALPTU3) + 62 D s

Z
— v4PQRT1 +v4PQRT4) + 62 opi1 ZU:T“ — v4PQTU1 +v4PQTU3) 6ZU MZWZM( — v4PTUW1 + vAPTUW2)

R= Q+1

(110)
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1 R
YPTTP=7 (v3PT1 ~v3PT3 — 4 v4PT) — ZZ:( — VALPT32 + v4LPT33 + vALPT34 + 2 vALPT35 + v4LPT36 — v4LPT37 — vALPT38 — 2 v4LPT39)

1 -
-4 o_ps1 (2VAPQT31 +v4PQT32 + v4PQT33 — v4PQT34 + v4PQT36 — v4PQT37 — v4PQT38 — 2 v4PQT39)
4ZU +.,(2vAPTU31 + v4PTU32 + v4PTU33 — v4PTU34 — 2 v4PTU35 — v4PTU36 — v4PTU37 + V4PTU38) — = > "~ (
— VALMPT3 + vALMPT4) — — ZQ ., ( — VALMPT2 + vALMPT4) — EZ L Zuzm — VALPTU2 + vALPTU3) — 6ZQ S 0

VA
— v4PQRT1 +v4PQRT4) — 3 E 0P E v T+1 — v4PQTU1 +v4PQTU3) — 3 E P E w:u+1( — v4PTUW1 + v4PTUW2)
(111)

1
yPPPT:Z (—2v2PT1+ 4 v2PT2 +v3PT1 — 3v3PT3 — 4 v4PT)

1 _
+- E ? 2 V4LPT31 + 3 v4LPT32 + v4LPT33 — 3 v4LPT34 — 4 vALPT35 — 3 v4ALPT36 — v4LPT37 — 5 v4LPT38) + E
421-4 4 Q= p+1

U= T+1

— 4v4PQT31 — 3 v4PQT32 — 3 v4PQT33 + 3 v4PQT34 + 2 v4PQT35 + v4PQT36 — v4PQT37 — v4PQT38) + 42
— 4 v4PTU31 — 3 v4PTU32 — 3 v4PTU33 — 5 v4PTU34 — v4PTU36 + 3 v4PTU37 + v4PTU38 + 2 v4PTU39)

1 VA
FED 0 aD sy (VALMPT3 3 VALMPT4) + GZ oD .y (VALMPT2 + 3 VALMPTA4) + +—Z W (VALPTU2 + 3 yALPTU3)

Z
62 o MZR o1 (VAPQRT1 + 3 vAPQRT4) + 6ZQ MZU 111 (VAPQTUL + 3 v4PQTU3) 6211 THZW:UH(MPTUWI + 3 vAPTUW2)
112)

1
yITTP= p (—2v2PT1 + 4 v2PT2 —v3PT1 + 3 v3PT3 — 4 v4PT)

1—=r-1
+ ZZ e (2 v4LPT31 +v4LPT32 + 3 vALPT33 — v4LPT34 — 5 v4LPT36 — 3 v4LPT37 — 3 v4LPT38 — 4 v4LPT39) + 420 P+1

— v4PQT32 — 5 v4PQT33 + v4PQT34 + 2 v4PQT35 + 3 v4PQT36 — 3 v4PQT37 — 3 v4PQT38 — 4 v4PQT39) + ZZU—T- 1(
— 5v4PTU32 — v4PTU33 — 3 v4PTU34 — 4 v4PTU35 — 3 v4PTU36 + v4PTU37 + 3 v4PTU38 + 2 v4PTU39)

1 I =P-1 =2z
+ EZ ZM - 1 (3 vALMPT3 + v4LMPT4) + 62 ZQ - 1 (3 v4LMPT2 +vALMPT4) + +EZ A ZU:” 1(3 V4LPTU2 + v4LPTU3)

VA A
62 ori1 D ran l(3 V4PQRT1 + v4PQRT4) + 62 opi1D_urs (3VAPQTUL +v4PQTU3) + 6211 mzwfw (3 v4PTUW1 + v4PTUW?2)

(113)

YPPPP=xP — Y| (v2LP1+V2LP2 —V4LP) - Y (v2PUL +v2PU2 —v4PU) — 4ZL "~ (v3LP1+3v3LP3) + 4ZU ., (V3PUL + 3 V3PU3)
+ %Z N ., (VALMP31 + vALMP33 -+ vVALMP35 + vALMP36 -+ 3 vALMP37 + 3 vALMP38 -+ 6 v4LMP39)
+ %Zpil > . . (VALPU31 +V4LPU32 + 3 VALPU34 + 6 VALPU35 + 3 vALPU36 + vALPU38 + V4LPU39)
ZZR o Ef] 1., (6 VALPU31 + 3 vALPU32 + 3 vALPU33 + vALPU34 + v4LPU35 + v4LPU37 + v4LPU39)
+ EZ EM i ZN vr.1 (VALMNP1 + v4LMNP2 + vALMNP3 + 9 vALMNP4)
+ %Z ZM o ZIZ]:M (VALMNP1 + vALMNP2 + 9 vALMNP3 + v4LMNP4)

1 z
+ EZ ZR o Zu:m (V4LMNP1 + 9 v4LMNP2 + v4LMNP3 + v4LMNP4)

VA

6 QP12 4R-Qi1 2tU—-R$1 (9 VALMNP1 + v4LMNP2 + v4LMNP3 + v4LMNP4) (114)

Appendix 3. Transformation of Redlich-Kister parameters for the disordered bcc (A2) structure to CECs in CV basis

A simple scheme of transforming Redlich-Kister parameters for the disordered bcc (A2) structure to CECs will be shown in this section. These
transformed CECs can serve a good initial value for developing multicomponent CE-CVM databases. For a binary system P-Q, Eqn. (30) reduced to
H, = e21PQ ¢ v21PQ + ¢22PQ o v22PQ + ¢3PQ ¢ v3PQ + ¢4PQ o v4PQ (115)

The above equation can be written in the random limit by replacing the average of the product of site occupation operators with the product of the
averages of these operators. As an example

v3PQ=(p o p o p) — (p} @ pF e i) — (P05 (PF) — ) (PF)(PE)
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= Xp ® X3 — Xp ® Xq = — Xp ® Xq(Xp — Xq)
Substituting such random values in Eqn. (30) yields
1
H,(bin,nd) = e21PQ e xp ® xo + €22PQ & xp ® xq — €3PQ @ Xp ® Xo(Xp — Xq) + €4PQ ® 77X [1 - (xp — xq)%] (116)

The above expression may be compared with the Redlich-Kister polynomial for a binary solution.
H,(bin,R — K) =xp ® xq [LOPQ + L1PQ(xp — Xq) + L2PQ(xp — xQ)z]

A comparison of the above two expressions leads to the following equivalence between the Redlich-Kister parameters and the CECs in the CVCF
basis:

LOPQ + L2PQ = e21PQ + e22PQ
L1PQ = —e3PQ (117)
L2PQ = —% e4PQ
Explicit solutions for e21PQ and e22PQ are not possible. Similar relations hold for binary subsystems of higher-order systems.
The ternary excess enthalpy in the random limit is given by
H,(tern, rnd) = xp ® xq ® Xz (e3PQR1 + e3PQR2 + e3PQR3 + e4PQR1 o Xp + e4PQR2 @ xq + e4PQR3 o Xz) (118)

The corresponding term in CALPHAD is usually expressed as
1
H, (tern, CALPHAD) = §XP ® Xqo ® Xg [LlPQR(l + ZXP —Xq — xR) +L2PQR(1 + ZXQ — Xr 7Xp) +L3PQR(1 + ZxR — Xp 7XQ)] (119)

Comparing the coefficients of these expressions, we get
(L1PQR + L2PQR + L3PQR)[1 — f(xp + Xq + Xz)] = 3(e3PQR1 + e3PQR2 + ¢3PQR3)
3L1PQR — (1 — f)(L1PQR + L2PQR + L3PQR) = 3e4PQR1
3L2PQR — (1 — f)(L1PQR + L2PQR + L3PQR) = 3e4PQR2
3L3PQR — (1 — f)(L1PQR + L2PQR + L3PQR) = 3e4PQR3

(120)

Since they are not unique, we have introduced an arbitrary parameter f in the above relations. Explicit solutions for e3PQR1, e3PQR2, and e3PQR3
are not possible. Similar relations hold for ternary subsystems of higher-order systems.
Forf =0

(e3PQR1 + e3PQR2 + e3PQR3) = %(LlPQR + L2PQR + L3PQR)

1
e4PQR1 = L1PQR — 3 (L1PQR + L2PQR + L3PQR)

1 (121)
e4PQR2 = L2PQR — 3 (L1PQR + L2PQR + L3PQR)

e4PQR3 = L3PQR — % (L1PQR + L2PQR + L3PQR)
The quaternary excess enthalpy in the random limit is given by
H,(qtrn,rnd) = xp ® Xq ® Xz ® xs(e4PQRS1 + e4PQRS2 + e4PQRS3)
The corresponding term in CALPHAD is usually expressed as
H,(qtrn, CALPHAD) = Xxp ® X ® X ® Xs ® LPQRS
Comparing the coefficients of these expressions, we get
LPQRS = e4PQRS1 + e4PQRS2 + e4PQRS3 (122)
Once again, explicit solutions for e4PQRS1, e4PQRS2, and e4PQRS3 are not possible. Similar relations hold for quaternary subsystems of higher-
order systems. Similar expressions can be obtained for fcc and hep structures as well.

Appendix 4. Transformation of CECs in the orthogonal basis for the disordered bcc (A2) structure to CECs in CV basis

For a binary system P-Q, H, in the orthogonal basis can be written as
H? = +4E21PQ(u21PQ — 1) + 3E22PQ(u22PQ — 1) + 12E3PQ(u3PQ + xP — xQ) + 6E4PQ(u4PQ — 1) (123)

The above equation can be written in the random limit by replacing the average of the product of site occupation operators with the product of the
averages of these operators. As an example

u21PQ = (st o s2) = (s°)(s2)

= (xq — xp)*
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Substituting such random values in Eqn. (123) yields

H?(bin, rnd) = + 4E21PQ((xq — x»)* — 1) + 3E22PQ((xq — xp)* — 1) + 12E3PQ((xq — xp) +xP — xQ) + 6E4PQ((xq — xp)* — 1) (124)
=XxpeXxge (—16eE21PQ—12 e E22PQ+ 48  E3PQ(xp —Xq) + 96 ¢ E4 @ xp @ Xq)

The above expression may be compared with a similar expression on the CVCF basis.
H,(bin,rnd) = xp ® xq ® (e21PQ + e22PQ — e3PQ o (xp — Xq) + €4PQ o Xp ® X;)

A comparison of the above two expressions leads to the following equivalence between the CECs on the orthogonal basis and the CECs on the CVCF
basis:

—16 ¢ E21PQ — 12 ¢ E22PQ = e21PQ + e22PQ
48 ¢ E3PQ = —e3PQ (125)
96 ¢ E4PQ = e4PQ

Explicit solutions for e21PQ and e22PQ are not possible. Similar relations hold for binary subsystems of higher-order systems.
In a specific case where E22PQ = 2E21PQ

€21PQ + €22PQ = —24 o E21PQ (126)
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